shows that the intermediate case, in terms of number of redundant elements (K = 3), is the best option for Channel A, considering all SNRs ranging from 15 to 35 dB. Unfortunately, we did not find any pattern of the channel characteristics that gives us a hint about the performance of the transceivers. This topic is still being studied.
VII. CONCLUDING REMARKS
In this paper we proposed transceivers with reduced redundancy for block data transmission. More specifically, we extended some previous results by using Hartley instead of Fourier transforms. The ZF and MMSE solutions employ only DHTs, diagonal, and antidiagonal matrices. The obtained results corroborate the good throughput properties inherent to the new proposals, indicating that is possible to achieve higher transmission data rates using real-transforms and superfast algorithms.
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On the Use of Discrete Cosine Transforms for Multicarrier Communications
Fernando Cruz-Roldán, María Elena Domínguez-Jiménez, Gabriela Sansigre Vidal, Pedro Amo-López, Manuel Blanco-Velasco, and Ángel Bravo-Santos Abstract-In this correspondence, the conditions to use any kind of discrete cosine transform (DCT) for multicarrier data transmission are derived. The symmetric convolution-multiplication property of each DCT implies that when symmetric convolution is performed in the time domain, an element-by-element multiplication is performed in the corresponding discrete trigonometric domain. Therefore, appending symmetric redundancy (as prefix and suffix) into each data symbol to be transmitted, and also enforcing symmetry for the equivalent channel impulse response, the linear convolution performed in the transmission channel becomes a symmetric convolution in those samples of interest. 
I. INTRODUCTION
A general block diagram to implement multicarrier modulation (MCM) is shown in Fig. 1 . At the transmitter, the incoming data are processed by an N-point inverse transform (T 01 a ), with N being the number of subchannels or subcarriers. At the receiver, a discrete transform (T c ) is also performed. Discrete multitone modulation (DMT) and orthogonal frequency-division multiplexing (OFDM) are particular forms of multicarrier modulation (MCM) [1] , and they have been the modulation choice for fixed and nomadic broadband communications (see e.g. [2] - [5] ). In mobile communications, OFDM has also been adopted in WiMAX [6] , LTE downlink [7] , and in the physical layer of 802.11p that describes the wireless access in vehicular environments (vehicle-to-vehicle (V2V) communications) [8] . In DMT and OFDM, the N 2 N matrices T a and T c are carried out using Discrete Fourier Transforms (DFTs) implemented by fast algorithms.
Discrete Fourier transform (DFT)-based systems are efficient to fight against multi-path fading channels, but they present some drawbacks, as a high peak-to-average power ratio, or the sensitivity to carrierfrequency offsets (CFO). Frequency offset interferences are mainly caused in mobile OFDM communications by mismatch or ill-stability of the local oscillators in the transmitter and the receiver, and by the movement-induced Doppler shift. As a well-known fact, the broadening of the Doppler spectrum caused by the speed of the terminal is a main effect that has a direct impact on the bit error probability (BEP).
Different solutions to correct CFO and the rest of drawbacks are based on the use of discrete trigonometric transforms (DTTs), mainly discrete cosine transform (DCT) Type-II even, 1 as multicarrier modulators [10] - [15] . Due to the energy-compaction of DCT, there is less ICI leakage to adjacent subcarriers in DCT-MCM than in DFT-MCM, and this results in better performance robustness to frequency offset [13] , [14] . Moreover, the anti-symmetry introduced in DCT-MCM enables the full range of frequency offset estimation, and this leads to more accurate and more robust estimation [15] .
In this work, we address the design of multicarrier transceivers employing any kind of DCT at both the transmitter (T 01 a ) and the receiver (Tc) sides. This problem can be formulated in two different ways. The first one consists in deriving the conditions to use any kind of DCT for multicarrier data transmission using matrices. Let us consider the system of Fig. 1 , in which a left prefix and also a right suffix are introduced as redundancy into each data x to be transmitted: x e = [x lp x x rs ]. The goal of these prefix x lp and suffix x rs is to obtain a channel matrix H perfectly diagonalizable by DCTs. Then, using the diagonalization properties of DCTs shown in [9] , the frequency-domain equalizer at the receiver is reduced to a simple structure. The above matrix formulation was employed in [13] , [17] to obtain the conditions for using the DCT Type-II even (DCT2e) and DCT Type-III (even and odd) in the MCM context. The second way of formulating the use of DCTs for multicarrier data transmission is based on the interpretation of the symmetric convolution. That is, if DCTs are used as block transforms in the system of Fig. 1 , the idea consists in some way forcing the linear convolution performed by the channel to become a symmetric convolution in the time-domain, or equivalently, an element-by-element operation in the corresponding DCT domain. In this regard, Martucci shows in [16] that DCTs also have the convolution-multiplication property, and the result of symmetric convolution in time-domain is the same as that obtained by taking an inverse DCT of the pointwise product of the forward DCTs of those two sequences. So, taking advantage of the convolution-multiplication property of each DCT, we find an efficient form of equalizing the effects of the transmission channel by means of one-tap per subcarrier equalizer. In this work, the above formulation is used to obtain the conditions for using the eight different DCTs for multicarrier data transmission.
Therefore, this work complements the results obtained in previous studies for DCT2e [13] , [14] and DCT3 [17] . Since there are objective reasons to use DCT as an alternative to DFT for multicarrier communications (see e.g. [13] ), the goal of our study is focused on deriving the conditions to design the system of Fig. 1 with the eight different types of DCTs. One key contribution of this work is to define the kind of redundancy to be introduced into each data symbol to be transmitted, along with the symmetry to be imposed on the channel impulse re- TABLE II SOME TYPES OF SYMMETRIC CONVOLUTION [16] sponse 2 by means of the front-end filter w. As it is known, the introduction of redundancy helps to equalize the transmission channel more easily. The second key contribution is to derive the expressions to obtain the coefficients that perform the frequency domain equalization by means of a one-tap equalizer.
The remainder of this paper is organized as follows. In Section II, the convolution-multiplication properties of symmetric convolutions in different DCTs domains are presented. These properties are used to widen the list of possible DCTs to be used for multicarrier data transmission. In Section III, it is demonstrated that the proposed results are consistent with other published works. Then, several examples are included in Section IV to illustrate the benefits of the proposed DCT-MCM versus DFT-MCM. The performance of DCT Type-IV (DCT4) and OFDM systems over different communication scenarios is also evaluated, including channels with the three basic Doppler spectrum: round, flat and classic [18] . We have chosen a power delay profile typical of an urban environment for the channels. Finally, Section V contains some concluding remarks.
II. DISCRETE COSINE TRANSFORM FOR MULTICARRIER MODULATION
The list of possible DCTs for using in MCM data transmission can be widened to the eight different DCTs reported in [9] and defined in Table I . In this section, there is an explanation of how to do it, considering the symbol data length satisfies the following condition: N (2 + 1), which is the case of interest to avoid significant guard overhead. 2 As in [13] , [17] , only symmetric channel filters h (h = h , k = 1; 1 1 1 ; ) are considered throughout this work. This requirement can be met in practice by means of the front-end filter w, which is commonly used in DFT-based MCMs. Remind that frequency domain channel equalization is easy to be performed in OFDM/DMT when the cyclic prefix length is at least the order L of the transmission channel impulse response. However, this requirement is often restrictive, especially at high sampling rates, where the channel order can extend into many hundreds of samples. In order to overcome this problem, the pre-filter w is placed at the receiver in cascade with the channel to produce an effective shortened impulse response, optimally squeezing the channel energy into a time-frame of less than L + 1 samples [19] . Different solutions to meet the symmetry condition are proposed in [ Let us consider four different types of symmetry in a sequence [16] : whole-sample symmetry (WS), whole-sample antisymmetry (WA), half-sample symmetry (HS), or half-sample antisymmetry (HA). Fig. 2 shows examples of each one of the above sequences. In [16] , the convolution-multiplication properties of the eight types of DCTs, the eight types of DSTs, and also forty different types of symmetric convolution are reported. Table II summarizes some of the results included in [16] for general digital signal processing; " a and " b mean the symmetric extension operators applied to each sequence to be convolved, and Ta and T b are the DTTs that must be taken in the first sequence and in the right-half samples of the second one, respectively. Finally, T 01 c is the appropriate inverse transform which relates the convolution-multiplication domains.
The interpretation of Table II in the MCM context is as follows. The symmetries in " a establish the prefix and the suffix that have to be inserted in the transmitted sequence x. On the other hand, since we assume that N (2 + 1), only the first symmetry in " b is considered to obtain h. The third column in Table II Table II indicates the inverse of the transform used at the receiver. To sum up, Table III shows the interpretation of Table II in the MCM context. Special attention must be paid to the length of the T b transform since in some cases it must be N + 1 (C 1e or C 3o in the second or the last row of Table III respectively), whereas for the rest of cases this length must be N.
III. CONSISTENCY WITH PREVIOUS RESULTS

A. DCT-IIe-Based MCM
In [13] , the discrete cosine transform type-II even (DCT2e or (TABLE II) where Hequiv is the N 2 N equivalent channel matrix and ei is the N 2 1 column vector that has a one in the ith position and zeros everywhere else. Fig. 3 illustrates an example of the symmetries to be imposed on x and h to use the IDCT2e and the DCT2e as block transforms at the transmitter and the receiver sides, respectively. These transforms correspond to row 2 in Table III . This means the extension HS (see " a ) has to be introduced simultaneously as prefix and suffix into x. In addition, the front-end prefilter w has to obtain an equivalent impulse response h with symmetry WS (see first symmetry of " b ). Accordingly, the results in Table III perfectly match with those derived in [13] , except for (1). It can be seen that the bank of scalars Notice that the coefficients of each one-tap per subcarrier equalizer are obtained from the (N + 1)2 1 column vector C 1e h r ZP . Therefore, the above results confirm what appears in [13] ; moreover, they provide a direct and simpler way to get the coefficients of the one-tap per subcarrier equalizers.
B. DCT-III-Based MCM
The results obtained in [17] can also be deduced from Table III as  follows: 1) For IDCT3e at the transmitter and DCT3e at the receiver. It corresponds to row 3 in Tables II and III The block diagram of the system used for the simulations is depicted in Fig. 4 . It includes in-phase and quadrature modulators in the presence of CFO (1f ). More than five million binary data were generated and converted into parallel data to be transmitted over one hundred and twenty-eight subcarriers. Before proceeding with the multicarrier modulation, the data at each subcarrier are mapped by QPSK modulation. After mapping them, the parallel data were fed into the inverse block transform at the transmitter, considering the IFFT and the IDCT4e in order to compare their performances. The parameters used for the simulations are summarized in Table IV. We consider as transmission scheme a high speed vehicle channel with high delay spread-the power delay profile of channel SUI-5 in [20] -considering the three kinds of Doppler spectrum aforementioned: round, classic and flat. The speed of the mobile was chosen to have a channel coherence time of similar value as the OFDM and DCT4 symbol periods. The value of the ratio bandwidth/channel sampling rate was one. At the receiver, perfect timing synchronization and channel estimation is assumed, and the front-end prefilter is implemented as the time-reversed (matched) filter to the estimated channel. In addition, in order to perform the frequency-domain equalization, the zero-forcing equalizers are used for each corresponding channel.
In Fig. 5 we present the results obtained with the mobile channel and round Doppler spectrum for several frequency offsets. It can be seen that the curves of the error probability versus E N acquire the linear shape of the Rayleigh channel, and that the DCT4e-MCM system is more robust than OFDM against frequency offsets. In fact, when the offset 1f T = 0:1 the latter reaches an error floor at E N = 25 dB while the former error probability continues lowering with increasing signal noise ratio (SNR). We have also studied the effect of the shape of the Doppler spectrum over the error probability. In Figs. 6 and 7 we present the results obtained with the OFDM and DCT4e-MCM systems, operating in chan- nels with the three aforementioned Doppler spectra and the normalized frequency offsets 1f T = 0:02 and 1f T = 0:1. A first result is that the shape of the spectrum has little impact on the error probability. However, the flat spectrum is usually a worst-case scenario. Both systems have error floor, but the floor of the system DCT4e-MCM is lower by one order of magnitude. Even more, the error floor of the DCT4e-MCM system is reached with a SNR value 15 dB larger than the corresponding to the floor of the OFDM system. This confirms that DCT4e-MCM outperforms OFDM in the presence of CFO. 
V. CONCLUSIONS
In this work, the application of DCTs for multicarrier communications has been addressed. We have shown that the transmitter of each system includes an inverse DCT and a parallel-to-serial converter in which a prefix and a suffix are introduced into the data symbol to be transmitted. The receiver consists of a front-end prefilter plus another DCT. We have obtained the conditions to use any kind of DCT for multicarrier data transmission based on the fact that DCTs have the convolution-multiplication property, that is, a symmetric convolution in the time-domain is transformed in an element-by-element multiplication in the corresponding discrete cosine transform domain. The configuration of both the transmitter and the receiver, the symmetry to be imposed by the front-end prefilter, and the prefix and the suffix to be appended into each data symbol, have been established for the eight different types of DCTs. Furthermore, the values of the coefficients for the one-tap per subcarrier equalizer have also been provided. Finally, the simulation results have verified that DCT-MCM outperforms OFDM in different scenarios in the presence of CFO.
